a^ 



o 

in 






Quantum supergroup structure of 



g^: 1+1-dimensional quantum superplane, its 



dual and its differential calculus 

M. EL Falaki* 

Laboratoire de Physique Theorique, Faculte des Sciences, 
Universite Mohained V, Av. Ibn Battota BP. 1014, Rabat, Morocco 



T^ ' Abdus Salam International Centre for Theoretical Physics, Trieste, Italy 

O . E. H. Tahrit 

Laboratoire de Physique Theorique, Faculte des Sciences, 
Q^ . Universite Mohamed V, Av. Ibn Battota BP. 1014, Rabat, Morocco 



Laboratoire de Physique Theorique et de Particules, Faculte des Sciences, 
Universite Mohammed I, BP. 524, 60000 Oujda, Morocco! 

October 1999 



^ : Abstract 

d ' We show that the 1 + 1-dimensional quantum superplane introduced by 

Manin is a quantum supergroup according to the Faddeev-Reshetikhin-Takhtajan 
approach. We give its supermatrix element, its corresponding R-matrix and 
its Hopf structure. This new point of view allows us, first, to realize its 
dual Hopf superalgebra starting from postulated initial pairings. Second, we 
construct a right-invariant differential calculus on it and then deduce the cor- 
responding quantum Lie superalgebra which as a commutation super-algebra 
appears classical, and as Hopf structure is a non-cocommutative g-deformed 
one. An isomorphism between the latter and the dual one obtained in the 
first method is given. 
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1 Introduction. 

In recent years there has been much interest in the concept of quantum groups and 
quantum algebras 111 [H @1- Originating from investigations on the quantum 
inverse scattering methods and the Yang-Baxter equations, the quantum groups have 
found various apphcations in theoretical physics such as integrable fields theories, 
statistical models and conformal field theories in two-dimensions (see for example 

i i i). 

Another major field starting in the seventies and still attracting a lot of attention 
among physicists and mathematicians is the field of super- symmetry. The extension 
of the activity on quantum groups to this field was started with the paper of Manin 
[|], where the multi-parametric quantum deformation of the supergroup GL{m/n) 
was introduced. Since then intensive investigations concerning both structures and 



representations of the quantum supergroups were completed (see for example [|TC 
and references therein). 



In Ref [||, Manin extended the notion of quantum space [|r^ to that of quan- 
tum super-space, called also quantum super-plane, of which the defining quadratic 
relations remain invariant under linear transformations. These endomorphisms con- 
stitute the quantum supergroup. From a rigorous mathematical point of view, the 
quantum superplane appears in this approach as a comodule over the correspond- 
ing quantum supergroup. The quantum (super)space has been then envisioned by 
many as a paradigm for the general program of quantum deformed physics. The 
most hopped for applications includes a possible role in a future quantized theory 
of gravity ||12|. In this direction many efforts have been accomplished in order to 
develop its differential structure [0. But all these constructions are made in the 
sense of |]14| and not, as far as we know, in the sense of Woronowicz because of the 



lack of the Hopf structure of the quantum super-plane. 



More recently, one of us [|T5| has introduced the quantum plane as a quan- 
tum group according to the Faddeev-Reshetikhin-Takhtajan approach [^. In the 
present paper we extend the above investigation to the 1 -|- 1-dimensional quantum 
super-plane. In this new approach the quantum super-plane appears as a quantum 
sub-supergroup of SLq{l/l). We give its super-matrix element, its corresponding 
R-matrix and its Hopf structure. The latter appears to be cocommutative. We then 
realize its dual Hopf superalgebra starting from postulated initial pairings. We also 
construct a right invariant differential calculus on it and we deduce its corresponding 
quantum Lie superalgebra which is as commutation superalgebra, up to a redefini- 
tion of the generators, the classical N = 1 supersymmetric algebra, but its Hopf 



structure is a non-coconimutative g-deformed one. This quantum Lie superalgebra 
is isomorphic to the one we obtained by the above duahty. 

The paper is organized as follows. In section 2, we recall the Manin approach. 
In section 3, the 1 + 1-dimensional quantum superplane K^^ is made in the FRT 
approach, we also discuss some important properties of the quantum supermatrix 
considered to be a group element of K^^^ . In section 4, we find the dual Hopf 
superalgebra. In section 5, we construct a right invariant differential calculus. In 
section 6, we derive the quantum Lie superalgebra, for which we give the Hopf 
structure in section 7. Finally, we give some concluding remarks in section 8. 

2 Review of the Manin approach 

The simplest example illustrating this approach is the one parameter quantum de- 
formation GLq{l/l) of the supergroup GL{1/1) of 2 x 2 supermatrices with two 
bosonic and two fermionic matrix elements. The construction of this quantum su- 



pergroup is well studied in [|T6| IT^ . It is generated by the elements of a quantum 
supermatrix: 

which obey the following supercommutation relations: 

a(3 = qPa, d(3 = q(3d 

ai = 97«, dl = (lid , . 

/?7 -F 7/3 = 0, ^2 ^ 72 = ^^^ 

ad — da = —A/57, 



where X = q — q^^ and the generators a and d are even with parity a = d = and f3, 
7 are odd with parity /? = 7 = 1 (called Grassmanian) . The supermatrix M defines 
the basic representation of GLg{l/l), i.e., M is considered as a group element. Thus, 
in this sense, the quantum supergroup GLq{l/l) appears as a deformation of the 
algebra of polynomials function on GL(1/1), the later is recovered when one takes 
q->l. 

The relations (0) may be succinctly expressed in terms of the graded RTT equa- 
tion as 

RM1M2 = M2M1R, (3) 



where 






(4) 



k 



and the matrix R is given by: 



R = 



f q \ 

10 

A 1 

q-^J 



(5) 



which is a solution of the graded quantum Yang-Baxter equation: 

R12R13R23 = R23R13R12 (6) 

arising from the associativity requirement of GLg{l/l). 

In this formulation one can define the quantum superdeterminant: 



V = Sdet{M) = ad-^ - f3d-^-fd-^ 
= d^^a — d~^f3'~fd 



-1. ,-i,.^,-i (7) 



provided d~^ exists, and it can be checked that it is central, i.e., it commutes with all 
elements of M. Therefore, by imposing the relation P = 1, we may define a quantum 
deformation 5*^5(1/1) by analogy with the classical restriction to the special linear 
supergroup. The inverse supermatrix can be now defined. It is given by 

, ,_i _ / a~^ + a'^pd'^ja'^ —a~^l3d~^ \ ,^-. 

^^^ ~ V -d-^^a~^ d~' + d~^^a-'pd~' J ■ ^^^ 

So the Hopf structure of GLq{l/l) is given by the following: 

^(M) = ( J J) (10) 

S{M)=M-\ (11) 

Now let us recall some statements related to the supermatrix M considered as 
group element (or a point) of GLg(l/l). If one takes two copies M and M' such that 
their elements pairwise supercommute, then the products MM' and M'M are group 



elements of GLq{l/l). Furthermore, the inverse M~^ is actually a group element of 
GLg-i{l/l) rather than GLq{l/l), and, in general, the n-th power of M, n G Z, is 
a group element of GL^n (1/1). 

Manin has defined in correspondence with the quantum supergroup what is called 
the quantum superplane or 'quantum superspace' and the dual of it. This quantum 
superplane or, rather, the polynomial function ring on it, denoted by K^^, is gen- 
erated by two coordinates x bosonic with parity x = and 6 fermionic with parity 

9 = 1 such that: 

x9 = qOx (g7^0,l) 

9'' = 0. ^^^^ 



The dual, denoted by *Ky^ ^ is generated by coordinates ^ with parity 1 and y with 
parity and the following supercommutation relations: 



iy = q-^yi (q + o, i) 

e = 0. 



(13) 



The quantum supergroup G'Lg(l/l) appears as endomorphisms of the quantum su- 
perplanes K^^ and *Ky^ under which the quadratic relations ([121) and (|l^) remain 
invariant. So Manin proved the equivalence between the defining quantum super- 
group supercommutation relations (|^) and the quadratic relations ([T^) and ([131) . In 
a more rigorous mathematical point of view, the quantum superplanes K^^ and 
*Ky^ are viewed as comodules over GLq(l/l) via the following (left) coactions 

^ ^ V 'y^x + d(g)9 J ^ ' 

6{Q) = M®Q=( ^®^ + P®y\ (15) 

where X and G are column vectors of components x, 9 and S,-, y, respectively. 

3 Quantum superplane in new approach. 

Let us consider a particular copy of GLg{l/l) where a = d = x and (3 = 'j = 9 that 
is: 



in this case the commutation relations (^ reduce to the quadratic relations ([T2| ) 
defining the quantum superplane K^^. Note that the superdeterminant of A is 
equal to 1, so it may be viewed also as a particular copy of SLg{l/l). Its quantum 
inverse supermatrix is given by 

,_i _ f X —xUx\ , -. 

This leads to our following main result. 



Thoerem. 

The quantum Manin superplane K^^ generated by the coordinates x with parity 
and 9 with parity 1 and extended by the inverse x"^ satisfying the quadratic rela- 
tions x6 = qOx and 6^ = is a quantum supergroup generated by elements of the 
supermatrix of type A modulo the graded RTT equation ([^ where the matrix R is 
given by ^. Its Hopf structure is given explicitly by: 

A{x) 
AW 

S{x) 
3(9) 

We see that it is a cocommutative Hopf superalgebra. 

There are curious properties applicable to this quantum supermatrix considered 
as a group element of K^^^. They assert that: 

a) If A and A' are two copies of K^^ such that their entries pairwise supercommute, 
then the products AA' and A' A are group elements of K^^. 

b) the n-th power of A is a group element of Kqi given by: 

A--( ^" [n],ex--'\ .^g. 

where [n]q = (1 — q'")/(l — q). Note that if we take n = — 1 we find the inverse ( ]T7| ) 
(since [— l]g = —q^^)- Furthermore, if there exists an integer n such that g" = 1, 
then the n-th power of A ( ]TP| ) reduces to 

6 



= X 


® 


x + e®e 


-6 


® 


x + x®d, 


1, 






0, 






X' 


-1 




— 


x^ 


^ex-\ 



which gives a nilpotent supermatrix when x" = or unit superniatrix when x" = 1. 
So in this sense, the quantum superplane K^^^ can be considered as a quantum 
subsupergroup of SLq{l/l). 

4 The dual of K^^ 

We will apply here the method introduced by Sudbery in [0, where he obtained 
lAq{sl{2)) ®U{u{2)) as the algebra of tangent vectors at the identity, and generalized 
to more complicated algebras by Dobrev |]T9|. The application of this method to 
the multiparameter supergroup GLuq{m/n) is given in 0. It consists of using the 
duality between (super)bialgebras or Hopf (super) algebras to obtain the unknown 
dual of a known (super) algebra. 

Two bialgebras U and A are said to be in duality |^ if there exists a doubly 
nondegenerate bilinear form 

{ , ) : U X A — ^ C (m, a) I — > {u,a) ueU, aE A (21) 

such that, for u, v eU, a, b E A 

{u,ab) = { 5uiu),a(g) b ), 

( uv, a) = { u®v, (5^(a) ), (22) 

{u,1a) = euiu), {lu,a) = eji,{a). 

For dual Hopf algebras one adds 

( luiu),a ) = ( u,7^(a) ). (23) 

To extend this to superalgebras or Hopf super algebras, we take into account that 
the tensor product is also graded, and, if (using Sweedler's notation) Su = J2 W(i) ® 
U{2), 5_A = Ea(i) ® a(2), then 

{u,ab) = E(-l)^ «(i),a )( M(2),& ), (24) 



It is enough to define the pairing ( |21| ) between the generating elements of the two 
algebras. The pairing may then be extended to all elements of U and A by using 
relations ([2^). 



To find the unknown superalgebra, it is enough to give the pairing between the 
generating elements of the unknown superalgebra with an arbitrary element of the 
PBW basis of the known superalgebra. So, we first need to fix a PBW basis of K^^^. 
This basis consists of monomials 

h = a;™r (25) 

where m E Z and n G {0, 1}. Let us then denote the dual superalgebra by Wg(/c(l/l)) 



and its generating elements by x and (j). Following |]I9[ we shall postulate the pairing 

tity : 

(26) 



{Z, h) Z = X, <Pi h from (|25|) , as we use the classical tangent vector at the identity : 



We also note that, from the duality properties, it follows 

{lu,h)=e{h) = 5nfl. (27) 

To obtain the commutation relations between the generators x ^"^^ 0; we first need 
to evaluate the action of their bilinear product on the elements of K^^ . Using the 
defining relations we obtain 

{X(t),h) = {m + l)5nfl, 

{(j)X.h) = {m + l)6n,i, (28) 

Thus we have the commutation relations : 

X0 - 0X = 

The Hopf structure of this superalgebra may be deduced by using the duality. We 
start with the coproduct, i.e., we shall use the relations 

(Z,/i) = (5,,(Z),/ii®/i2) (30) 

for every splitting h = hih2. Thus we get 

Suix) = X®1 + 1®X, .o.^ 



the counit relations mUq{k{l/l)) are given by 

eu{Z) =0, Z = x, <P (32) 

which follows easily from 

{Z,U) = = euiZ). (33) 

Finally, the antipode map oiUq{k{l/l)) follows from 

{MZ),h) = {Z,j^{h)). (34) 

It is given by 



luix) = -X, 

7w(0) = ~q^^ 

Now let us make the following redefinition: 



(35) 



tq^^-^>/'(f), %' = -1 (36) 

then we get the following quantum deformed enveloping superalgebra (dropping the 
primes) 

x<P - <Px = 0, , . 

{^? = [x] ^^^' 

where [x] = {q^ — q~^)/{q — q^^)- Its Hopf structure is now given by: 

5w(x) = X®1 + 1®X, 

euix) = eu{<l>) = 0, ^"""^ 

7w(x) = - X, lu{4>) = - • 

5 Differential calculus on K^^ 



The differential calculus on quantum group was initiated by Woronowicz [^ |2^ 



Here we follow the same techniques used in |2^ to construct the right invariant 
calculus on the two-parameter deformation of GL{2) and extended in ||2^ and [^ 
to the one and two-parameter deformation of GL{1/1), respectively. 



We introduce at first the exterior differential d which satisfies the nilpotency and 
the graded Leibniz rule, 

difg) = {df)g + i-iyiidg), ^ ' 

where /, g are functions of the variables x, 9 and / is the parity of /. In analogy 
with the classical differential geometry, one can construct from A and the one-forms 
dA, via the matrix valued one-forms Vt , the right-invariant Cartan-Maurer forms as 

n = {dA)A-'=(^ ^ ^). (40) 

Writing this as dA = QA, one can express the basic one-forms dx and d6 in terms 

of Cartan-Maurer forms as 

dx = LUX + v9 ,. s 

d9 = vx + Lo9. ^ ' 

The exterior differential d can then be written as 

d = dxdx + d9d0 ,.s 

= uD, + vDe. ^ ^ 



Using the nilpotency of the differential d and (0) it follows that: 

f = ^' - ^' (43) 

dv = iov — vuj 

which we call the Cartan-Maurer equations. 

Now we want to calculate the g-deformed supercommutation relations between 
the basic variables x, 9 and the Cartan-Maurer forms. Using a similar restriction as 
in ||2^ due to the right-invariance of the Cartan-Maurer forms, we suggest 

XV = qvx, 9v = qv9, , . 

xu = Flux, 9uj = —Fuj9, 

where F is an arbitrary complex number. Then the action of d on the quadratic 
relations (O) do not lead to any inconsistency, while the consistence of d with 



requires the following: 

UV = VUJ 

a;2 ^ /.y2 ^ 



2 _ i.„,2 u - l^-F (45) 



F{F+1)- 

10 



Using this, the Cartan-Maurer equations P3| ) reduce to 



dv = ^46) 



6 Quantum Lie superalgebra 



Now let us return to the expression of d in (0), the elements D^ and Dq generate the 
quantum Lie superalgebra associated to the quantum superplane K^^. To calculate 
the supercommutation relations between these generators we use the nilpotency of 

d, 

= d^{f) = d{ujDJ + vDef) 

= {duj)DJ+{dv)Def-uj{LuD, + vDe)DJ+ (47) 

+ v{ujD, + vDg)Def, 



where / is an arbitrary function of the variables x, 9. Then, using (^5[) and (|46|), it 

follows that 

D,De~DeD, = Q 

Dl = kDl + (1 - k)D,. ^^^^ 

We will denote this superalgebra by A;g_i?(l/1). Note that if we make the following 
change: 

T, = kDl + (1 - k)D^, (49) 

then we get 

Dl = T,, ^^^> 



which are the commutation relation of the 'classical' N = 1 supersymmetric algebra. 
So the quantum deformation does not affect the Lie superalgebra structure. 

Now it is possible to calculate the supercommutation relations between the gen- 
erators of kqp{l/l) and the basic coordinates. To this end, we use the graded Leibniz 
rule by comparing the coefficients of the Cartan-Maurer forms when acting by d on 
xf or 6f. Then we obtain 

D^x = x + FxD,, DJ = e + FeD^ 

Dgx = e + qxDe, Dg9 = x - qODe. ^ ' 



11 



On the other hand, if we multiply the second relation in ( pHD from the right by x or 
9 and then pull it to the left using the commutation relations (0), then we get 



Ol - '4^1 - '-^D. . (52) 



l2 _ . 

-,2 



from which it follows that F must be equal to q or q. We will see in the next section 
that these two solutions are equivalent. 

7 Hopf structure of the superalgebra /Cg i?(l/l) 

Now we shall use the graded Leibniz rule for arbitrary functions / and g of coordi- 
nates X, 6 to derive the Hopf structure of kq^pi)-/^)- An arbitrary function is in fact 
a linear combination of monomials in the basis (P3|). 

We first need to calculate the commutation relations between the Cartan-Maurer 
one-forms and functions. From (H3) we have 



fuj = {-lywF^f 

fv = vq^f. 



N. (53) 



where N is an operator number acting on monomial as 

Ar(x™r) = (m + n)x"^r , (54) 

and may be related to the operator D^. To see this we calculate the action of D^ 
on functions which may be achieved by calculating its commutation relation with 
h. Indeed we have 

1 rpm+n 

D.h = ^_^ h + F^hD, (55) 

from which we get 

1-F^ 

^- = -rrr ^^^^ 

Therefore, using the graded Leibniz rule applied to the product of functions / 
and g, and the expression of d in terms of D^ and Dg (|4^) with the help of (|53|) , 
this leads to the following: 



D,ifg) = D,if)g + F^fDM, 
De{fg) = De{f)g + {-iyq'^fDg{g), 



12 



f^N.r.^.. (57) 



from which we get the coproduct: 

S{Dg) 



D. 



1 + F 



N 



D. 



De(^l + q" ®De 



(58) 



where use was made of the graded tensor product: {a®b){f<S)g) = {—l)^-^a{f)®b{g), 
a,b G kq^p{l/l) and f,gE K^^ . The counit and antipode relations in k^pO-/^) may 



be calculated by using the basic axioms of Hopf superalgebras [gO 



{ek®id)5k{u) = u, 
m{id ® -ik)h{u) = ek{u), 

where u G kg^pi^/^) and m is the multiplication. So we obtain 



(59) 



ek{Da) 



SkiDe) 



0, 



F~^D 



lk{De 



Q 



-N 



Da 



(60) 



Thus, we have a g-deformed non-cocommutative Hopf structure depending on the 
parameter q. Furthermore, we note that the two forms of (0), and ( pDD according to 
the two solutions oi F = q^ or q are consistent with the redefinition (^). Therefore, 
we may view the two solutions of F as corresponding to changes of basis for the 
quantum enveloping superalgebra and are equivalent as such. So, it is convenient 
to choose the solution F = q^ which is the simplest one. We can then transform 
this superalgebra to the form obtained in Section 4 (c.f., (|37D (|38D) by making the 
following changes: 



D, 



Dn 



l-g2 



(61) 



Q 



(x-l)/2. 



which are consistent with the commutation relations and the Hopf structure. 

8 Concluding remarks 

We have shown that the 1+1-dimensional quantum superplane, which is well known 
in the literature as comodule over its corresponding quantum supergroup, may 
be incorporated in the Faddeev-Reshetikhin-Takhtajan approach to quantum (su- 
per)groups. We have given its supermatrix element, its corresponding R-matrix 
and its Hopf structure which is a cocommutative one. We then derived its dual 
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Hopf superalgebra starting from a postulated initial pairing. We also constructed 
a right differential calculus on it and we deduced the corresponding quantum Lie 
superalgebra. As a commutation superalgebra, the latter coincides with the clas- 
sical N=l supersymmetric algebra, but its Hopf structure is a non-cocommutative 
g-deformed one. We also prove that there is an isomorphism between this quantum 
Lie superalgebra and the one we obtained using postulated duality. To finish let 
us stress that the concept of g-deformation of Lie (super)group and (super)space is 
physically consistent when it is performed in the context of Hopf (super) algebra. So 
we expect that this new approach to the quantum superplane and the differential 
calculus introduced on it here will be a starting point to construct more consistent 
g-deformed physical models. 
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